This paper addresses fault-tolerant control for position mooring of a shuttle or floating production storage and offloading vessels. A complete framework for fault diagnosis is presented. A loss of a sub-sea mooring line buoyancy element and line breakage are given particular attention, since such failures might cause high-risk abortion of an oil-loading operation. With significant drift forces from waves, non-Gaussian elements dominate forces and the residuals designed for fault diagnosis. Hypothesis testing is designed using dedicated change detection for the type of distribution encountered. A new position recovery algorithm is proposed as a means of fault accommodation in order to keep the mooring system in a safe state, despite faults. The position control is shown to be capable of accommodating serious failures and preventing breakage of a mooring line, or a loss of a buoyancy element, from causing subsequent failures. Properties of the detection and fault-tolerant control algorithms are demonstrated by high fidelity simulations.
Introduction
With oil and gas exploration going into deeper waters and harsher environments, Position-Mooring (PM) systems are encountering more challenges with regard to mechanical reliability, automatic control and associated safety aspects. For thruster-assisted position mooring, the main objective is to maintain the vessel's position within a limited region and keep the vessel on the desired heading such that the external environmental load is minimised (Strand et al., 1998; Aamo and Fossen, 2001) . In extreme weather, the main objective changes to that of ensuring that mooring lines avoid breakage Berntsen et al., 2008a) .
The safety of dynamic positioning is a prime concern in the marine industry, and regulations are made to prevent that faults in equipment cause accidents at the system level (DNV, 2008b) . In position mooring, accident consequences need be analysed for line breakage and the loss of one or more Mooring Line Buoyancy Elements (MLBEs). Such analysis has traditionally been based solely on the reliability analysis of mechanical structures, with studies of risk of fatigue damage or line breakage under extreme conditions as the essential means of analysis (Gao and Moan, 2007) .
Since thrusters are also available on the types of vessels considered, the automatic control part has been receiving increased attention for reasons of potential contributions to safety. A non-linear controller was proposed by Berntsen et al. (2006) , who formulated a structural reliability index and a controller to prevent a mooring line from getting into a zone of low reliability. A switching controller was used by Nguyen and Sørensen (2009) for thruster-assisted position mooring. Mooring line breakage was prevented by detecting a change in the environment and switching between dedicated controllers. Systematic fault-tolerant control was studied for station keeping of a marine vessel by Blanke (2005) , who validated a structure-graph approach to fault diagnosis and control reconfiguration by sea tests. extended this study to position mooring and suggested offline fault-accommodation design of a bank of controllers.
Failure of mooring line buoyancy elements was not considered in these previous studies.
The purpose of this paper is to widen fault-tolerant control design for position-mooring systems to include a loss of mooring line buoyancy elements and to enhance the fault-tolerant control strategy in the case of mooring line breakage. Investigating control-system topology by structure-graph analysis, diagnosis system design is extended to include buoyancy elements on mooring lines. Residuals are shown to be non-Gaussian, due to the nature of drift forces from waves, and a dedicated changedetection and hypothesis test is designed for the particular distributions at hand. A novel algorithm is suggested for fault accommodation that is capable of avoiding breakage of further mooring lines, even if one line is broken or a buoyancy element has been lost. Simulations illustrate how the new position algorithm prevents mooring line tension from exceeding a critical level after either of these two failures.
The remainder of this paper is organised as follows. Section 2 addresses the modelling of the position-moored vessel. Section 3 presents fault diagnosis and change detection. The optimal position algorithm in fault accommodation is presented in Section 4. The proposed algorithm is validated by simulations in Section 5, and conclusions are drawn in Section 6. 
System modelling
The purpose of modelling is to obtain information to design Fault Detection and Isolation (FDI) modules for essential faults and to give the prerequisites for control reconfiguration design when faults occur.
The basic configuration of a position-mooring system is presented in Fig. 2 . The figure shows the equipment demanded for DYNPOS-AUTR class DP (DNV, 2008a) , which is the most reliable system configuration according to DNV classes, shown in Table 1 . There are redundant thrusters, three position measurement systems (two GPS and one hydro-acoustic position unit (HPS)), two wind sensors, three gyro compasses and three Vertical Reference Sensors (VRS). Relative velocity through the water is measured by the ship's log and Inertial Measurement Unit (IMU). Meanwhile, the mooring line tensions are monitored by the Tension Measurement Equipment (TME). Table 2 shows the list of symbols, and the block diagram in Fig. 2 illustrates the topology of function blocks in a position-mooring system. A typical position-mooring system is shown in Fig. 1 , along with two reference frames: the Earth-Fixed Frame (EFF) and the Body-Fixed Frame (BFF), with the origin located at the Centre Of the Turret (COT), where all the mooring lines are attached to the vessel. 
c 2 :
where M is the mass matrix including added mass, D is the damping matrix, I zz is the inertia moment for yaw, T is the thruster configuration matrix, H xy is the projection matrix for surge and sway, H ψ is that for yaw, A xy mo , A ψ mo is a transformation matrix for horizontal mooring line tension from the Earth-fixed to the body-fixed frame, A ve (ψ) is a transformation matrix for vessel velocity from the Earth-fixed to the body-fixed frame, R(φ, θ, ψ) is the transformation from a position reference system to the vessel coordinate origin, and g
are the wind forces in surge, sway and the moment in yaw.
Categorising variables in the constraints as belonging to the sets X (unknown), K i (input) and K m (measurements), the variables are separated as
The modelling here presents the normal behaviour, and diagnostic algorithms will be designed to detect deviation from the norm , where the occurrence of full or partial failure of mooring lines can be detected and counteracted by thruster-assisted position control.
Nonlinear bifurcation phenomena that could occur when second order wave forces interact with the dynamics of a moored system are not considered. Boundary conditions for these particular nonlinear phenomena were determined by Garza-Rios and Bernitsas (1996) .
Fault diagnosis and change detection
3.1. Structure analysis. A structure-graph approach is usually employed to obtain system analytical redundancy relations for FDI. With this technique, functional relations between measured and control variables can be used without being explicitly formulated. SaTool is software developed for this technique and a structure graph can be easily created, even for implicit nonlinear constraints (Blanke, 2005) .
Structural analysis finds the over-determined subsystem and, for the present system, finds a set of 8 + i parity relations where i is the number of mooring lines. These parity relations can be used as residual generators for fault detection in the system. A deviation from the norm of a constraint, i.e., a fault, will affect a parity relation if this relation is constructed using the constraint. Considering
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If a fault affects the residual vector, the fault is structurally detectable. If a particular fault has a unique pattern in the residual vector's elements, it is structurally isolable. 
Change detection.
After the design of the residual generators, hypothesis testing needs to be designed to detect the change of the residual. For violation of constraints c 2i+5 , c 2i+6 , changes will be structurally visible on residuals r 5+i .
The design intention of the Mooring Line Buoyancy Element (MLBE) is to reduce the static force and dynamic motion of the mooring system (Mavrakos et al., 1996) . Buoyancy elements need be designed suitably, otherwise adverse effects could occur. The loss of a buoyancy element would cause a force deviation on the mooring line, and a similar effect would also occur in the event of the line breaking. This deviation is reflected on the residuals r 5+i , and the detection algorithm of the force deviation in r 5+i could be found in the work of with a fault that one mooring line is broken. assume a Gaussian distribution of this residual and design a CUMSUM detector for the tension deviation.
However, all of these residuals should be nonGaussian distributed due to nonlinear vessel dynamics and the nature of wave drift forces. First order wave forces will generally give Gaussian distributions and the slowly varying drift forces can be calculated to give Rayleighdistributed forces, if one just assumes that forces arise as the amplitude of a sum of Gaussian elements. A more accurate assessment of the distribution of forces on a moored tanker was the subject of studies including the one by Wang and Xu (2008) , where forces and moments affecting a Floating Production, Storage and Off-loading (FPSO) vessel were computed by the near-field method based on direct-pressure integration. Wang and Tan (2008) modelled the response of a moored vessel excited by slowly varying non-Gaussian wave drift forces as a continuous Markov process. Naess (1986) as well as Kim and Dick (1989) studied the statistical distribution of slowly varying drift forces and moments. The distribution of these forces and moments enters into the expressions of the residual we generate for fault diagnosis, but since residual generation involves dynamics and filtering by the residual generator, the amplitude distribution of residuals is not the same as the amplitude distributions of wave drift forces and moments, although, of course, they are related. The problem of finding the distribution of residuals by analytical means is not within the scope of the present paper. Instead, we turn to simulations and an approximation to observed distributions with, and without, faults being present.
The distribution of the residual r 5+i /T ci is presented in Fig. 3 and this also shows an approximating Rayleigh distribution. Note that T ci is the critical mooring line tension. The approximation is not a perfect match to the residual obtained from simulations, but for detection of a change, it is clearly better than commonly applied detection algorithms for Gaussian-distributed residuals (Kay, 1998) . In Fig. 3 , the mean value of the residual r 5+i /T ci is shifted away from zero, both with and without faults being present. A shifted Rayleigh density function replicates this behaviour. Considering that relationship between the variance of the Rayleigh-distributed signal σ R and the variance of the underlying Gaussian signal σ is σ 2 R = (2 − π 2 )σ 2 , the shifted Rayleigh density function is expressed as follows, where where σ 2 R is the variance and μ R is its mean value:
R
Fault monitoring and fault recovery control for position-moored vessels
Detection of a change is done using a Rao test (Kay, 1998) , which is the suitable detector for the mean value change in a non-Gaussian noise. The hypothesis for this case is then given by
where the signal w(k) is Rayleigh, and μ 0 and μ 1 are the mean values before and after a change. The test statistics for the Rao test can now be written as
whereμ is an estimate of the signal's mean value, I(μ) is the Fisher information, and the probability density func-
The partial derivative of the logarithm of the probability density function is found as
The Fisher information with the Rayleigh distribution is found to be
where μ R is estimated online as μ R =μ, and σ R is assumed to be unchanged. Finally the test statistics T R (z) can be deducted based on Eqn.
(1) with Eqns. (3) and (4). The above detector derived from Eqns. (1)- (4) is only available for data larger than zero and the Rayleigh density function is shifted to have the mean value μ R . The data now need to satisfy
In order to be able to use the same threshold for all tests, data are normalised and the result of the test statistics is shown in Fig. 4 .
In Fig. 4 , the test statistics show a case that the loss of one buoy is simulated to happen at time t = 2500 s. In the test statistics, there is a sharp increase at the time t = 2500 s, and this event can be rapidly detected.
The change-detection method applied here is based on residuals generated in symbolic form through structural analysis, and subsequently deduced in analytical form using the system constraints. Some faults will not be isolable through this approach, but active fault isolation can help isolate faults by applying dedicated test signals to thrusters once a fault has been detected. Active fault diagnosis was analysed for Gaussian residuals by Poulsen and Niemann (2008) , and the application on a water for injection system refers to Laursen et al. (2008) . The structural conditions were obtained by , and a detailed design and test on a position-moored tanker was presented by Nguyen and Blanke (2009) making use of active diagnosis.
Fault tolerant control
4.1. Controller design. The control objective is to maintain the vessel's position in a limited region and keep the vessel on the desired heading such that the external environmental load is minimised. Another objective is to avoid line breakage and keep the mooring system in a safe state. An optimal position algorithm is designed to meet the second objective.
The control action for PM also aims to counteract the low-frequency part of vessel motion caused by current and wind as well as second order mean and slowly varying wave loads. The specific function of control action in PM can be found in the work of . For controller design, it is common to use multi-variable PID control in PM systems with the structure
whereη e =η − η d andν e =ν − ν d are the position and velocity errors, η d and ν d the desired position and velocity vectors, and
are the non-negative controller gain matrices. Here ψ is the measured heading angle and R(ψ) is the rotation matrix from the body-fixed frame to the Earth-fixed frame, which can be found in the work of Fossen (2002) . However, for certain faults, this controller cannot provide sufficiently good control. The nonlinear backstepping technique applied into the offshore vessel is found in the work of Witkowska et al. (2007) , and further research about sliding mode control on marine vessels is found in that by Tomera (2010) .
Optimal position chasing.
To maintain all mooring lines in a safe state, an optimal position algorithm is proposed here. A position-mooring system is restricted to a safety region, which is normally defined from considering the static mooring line tension . A reliability index was also used to evaluate this region (Berntsen et al., 2008a) . This section proposes a new optimal position algorithm based on the mooring line tension for use in online fault-tolerant control.
First, a reference model is used to obtain smooth transitions in chasing the optimal position set-point. This reference model refers to Fossen (2002) and produces a smooth position reference which is the input to the position control law in Eqn. (6).
An optimal set-point is achieved through a quadratic object function based on each mooring line horizontal tension: (x o , y o ) . From the point (x io , y io ) to the point (x i , y i ), the terminal point moves with distance Δr and direction β. Meanwhile, the length of the mooring is changed from h io to h i , and the angle of the mooring in the Earth-fixed frame is changed from β io to β i . For the mooring system connected to a turret, the terminal point is assumed to be connected in the turret's centre and the body-fixed frame is set at the centre of the turret. Thus Δr also denotes the vessel's change in position and β denotes the change in direction.
The horizontal mooring line tension T i at the point (x i , y i ) can be expressed as a function of the in-plane increment of the surface vessel position Δr and the direction β:
where T oi is the tension in the working point (x o , y o ) and c i is the incremental stiffness tension at the present instantaneous working point according to Strand et al. (1998) . The optimal position algorithm adjusts the optimal vessel set-point with the variation of the mooring line tensions. One application is that mooring lines lie in a zone where there is risk of breakage. Evaluation for horizontal mooring line tension could then be T mi = T ci − T i once the i-th mooring line has a risk beyond the critical tension T ci . Alternatively, the weighting coefficient w i is adjusted to emphasise the importance of a specific mooring line. In the case of the faulty condition, for example, lost MLBE and subsequent mooring line breakage, this algorithm is very useful. In addition, according to the regulation of the class society (DNV, 2008b) , if the mooring lines used by a vessel differ, the safety of the system must be checked, and this can also be done by utilising this approach. Thus, with this algorithm, not only prevention of mooring line breakage can be analysed, but it is also possible to derive control actions that achieve safe behaviour in real-life situations.
With a simplified notation, the objective function (cost function) for all mooring lines in a region of risk is
By solving the equations where the partial derivative of Eqn. (8) with respect to the optimal increment of the vessel position and the optimal direction of this increment are set to zero, the minimum value of the object function is identified. The optimal increment of vessel position Δr and the optimal direction of this increment β o is found to be
where
Finally, in the general three-dimensional case, the updated vessel position and heading set-point become
Simulation
The purpose of this simulation is to validate the proposed fault-tolerant control strategy for the PM vessel subjected to loss of an MLBE and demonstrate that mooring line breakage is prevented. 3 , the added mass coefficient is C mn = 1.5, the normal drag coefficient is C dn = 1, and the tangential drag coefficient is C dt = 0.3. A buoy is connected at position s = 850 m along an un-stretched mooring line from the terminal the point. The buoy is 8 ×10 4 kg with a volume of V = 120 m 3 . The added mass of the buoy is 5.8 ×10 4 kg and the drag force coefficient is C dx = 0.7. The working water depth is 1000 m, and the mooring lines are simulated from a finite element model with RIFLEX software (MARINTEK, 2003) . Each mooring line consists of 300 finite elements. From the touch point to the buoy there are 100 elements, and there are 200 elements from the buoy to the terminal point. 
Simulation with line breakage.
In the presence of a strong sea current, mooring lines may have a high risk of breaking if not adequately assisted by thrusters. recommended to evaluate the external environment and then determine off-line a critical level of slowly-varying drift forces. After this, appropriate controls can be initiated to compensate for the increasing environmental forces according to the change of environment. The PM is limited in the region evaluated by a certain critical position defined off-line. Berntsen et al. (2008b) proposed a control strategy based on the structural reliability index. With this approach, the vessel moves in a safe region where the index is bigger than a critical value. However, this method is applied for only one critical mooring line. The optimal position algorithm proposed here utilises the mooring line tension for evaluation of external environmental effects and performs an online calculation of an optimal position to avoid line breakage. In addition, more than one critical mooring line can be protected. Position deviation from the origin is shown in Fig. 8 . The thruster force commanded is also shown in Fig.9 . From Figs. 8 and 9, it is found that the thrusters contribute part of restoring force of the mooring system with the optimal position algorithm after mooring line breakage, and then PM comes into a new optimal set-point. This is consistent with our design target.
This simulation shows the case when more than one mooring line get beyond the critical tension. The optimal position algorithm proposed here can handle this common situation, while the structural reliability-based non-linear controller (Berntsen et al., 2008b ) could be applied on only one critical mooring line. A salient feature of the new algorithm is hence that there is no limit to the number of mooring lines that can be handled by the optimal position algorithm. The extent to which the features of this algorithm can be utilised depend on the availability of sufficient thruster forces.
5.3.
Simulation with loss of a buoyancy element. The loss of a buoy is another event where mooring lines could get beyond critical tension in severe conditions.
A simulation with this event is shown in Figs. 11-13. In this simulation, the tension of the No. 4 mooring line increases after the buoy is lost at t = 2500 s, and the mooring system comes into a new equilibrium where No. 4 mooring line is still within a safe range. However, the tensions of the mooring lines Nos. 9-11 are increased beyond the critical value with the loss of the MLBE in the No. 4 mooring line. The other lines are not critical as their tensions are well below the limit. With the optimal position algorithm shown in Eqn. (9), PM moves to the optimal position after the loss of the MLBE on the No. 4 mooring line. The mooring lines No. 9-11 come close to critical tension, but the mooring system remains safe with all the other lines below critical tension. The position variation and thruster force commands are shown in Figs. 12 and 13, where more thruster effort is used after the loss of the MLBE and a new set-point is achieved. The algorithm can handle simultaneous faults and protect the position mooring system for more than one mooring line in danger of breakage.
Conclusion
Fault-tolerant control for position mooring was analysed in this paper with specific emphasis on the cases of loss of a mooring line buoyancy element and line breakage. Position-mooring control was analysed with the dynamics of mooring line buoys attached. Structural analysis was employed to get residuals to detect changes that could indicate faults in the system. A new fault-accommodating position algorithm was suggested that could prevent critical safety levels of mooring line tension from being exceeded. The proposed algorithm monitored the influence of the external environment directly from tensions of the mooring lines, and the control algorithm was able to simultaneously control the tension of more than one mooring line, even when it was close to critical levels, provided sufficient thruster forces were available. 
